We present some nonlinear partial differential equations in 2 + 1-dimensions derived from the KdV Equation and its symmetries. We show that all these equations have the same 3-soliton structures. The only difference in these solutions are the dispersion relations. We also show that they posses the Painlevé property. *
Introduction
After Karasu et al [1] and Kupershmidt's [2] works there have been some attempts to enlarge classes of such integrable nonlinear partial differential equations, known as the hierarchy of KdV(6) equations, and to obtain their 2 + 1-dimensional extensions [3] - [12] . These equations are not in local evolutionary form. Due to this reason their integrability is examined by studying their Painlevé property and by the existence of soliton solutions by Hirota method rather then searching for recursion operators.
Although they differ in some examples [13] , the Painlevé property and the Hirota bilinear approach are powerful tests to examine integrability. In particular, existence of 3-soliton solutions of a nonlinear partial differential equation is believed to be an important indication for the integrability [14] - [18] .
Using this conjecture as a test of integrability, we propose 2 + 1-dimensional generalizations of the KdV(N) equations and present their 3-soliton solutions.
In this work we first give these equations in general. Such equations exist not only for KdV family but also for all integrable equations with recursion operators. Concentrating on KdV(N) type of equations, we propose their 2 + 1 extensions and give 3-soliton solutions of these proposed equations. We then show that all these equations possess the Painlevé property.
Let u t = F [u] be a system of integrable nonlinear partial differential equations, where F is a function of u, u x , u xx , · · ·. Let σ n , (n = 0, 1, 2, · · ·) be infinite number of commuting symmetries. One can write these symmetries as σ n = R n σ 0 , where σ 0 is one of the symmetries of the equation and R is the recursion operator. Then the corresponding evolution equations are given as
For n = 1, 2, 3, · · ·, Eq.(1) produces hierarchy of the equation
Since superposition of symmetries is also a symmetry the above equations can be extended to the following more general type
where σ 1 is another symmetry, a and b are arbitrary constants.
Interesting classes of equations are obtained by letting m as a negative integer. As an example letting m = −1 we get
This equation is in evolutionary type but nonlocal, because R −1 (σ 1 ) term is an infinite sum of terms containing D −1 . It is possible to write (3) as a local differential equation by multiplying both sides by the recursion operator R which is given by
For some integrable equations R(0) may not vanish. For example it is proportional to u x for the KdV equation. For this reason the constants a and b are introduced for convenience. The above classes of equations (4) are our basic starting point in this work. For a given integrable equation
it is expected that all the above equations are also integrable. Karasu et al's 
with the recursion operator
For certain values of the set (a, b, n, σ 0 , σ 1 ) we show that the corresponding 2 + 1-dimensional equations possess the same 3-soliton structures as of the KdV equation and its hierarchy except their dispersion relations.
We obtain 2 + 1-dimensional equations by assuming u = u(x, t, y) where y is a new independent variable and by letting one of the symmetries σ 0 = u y and (a = −1, b = 0, n = 1). Then we get
By letting u = v x we get a local equation as
This equation has 3-soliton solutions.
where
Here w i , k i , ℓ i , a i (i = 1, 2, 3) are arbitrary constants. Dispersion relations are
It is possible to show that all KdV(2n + 4), (n = 2, 3, · · ·) equations R (u t + R n u y ) = 0 have 3-soliton solutions same as the 3-soliton solutions of the KdV hierarchy in (1).
Below we give a different class of 2+1-dimensional equations (4) by letting
Eq.(4) reduces to R (u t + R u x ) + u y = 0. Letting u = v x we get
Dispersion relations are
Eq.(4) reduces to R (u t + R 2 u x ) + u y = 0. Letting u = v x we get
3. (n = 3) 2 + 1 KdV(10) Equation:
Eq.(4) reduces to R (u t + R 3 u x ) + u y = 0. Letting u = v x we get
In addition to above equations we conjecture that 3-soliton solutions of the 2 + 1 KdV(2n + 4) equation exists for all n ≥ 4 and they are given as
For all values of n ≥ 4 we have
Here u = v x . Dispersion relations are
3 Painlevé Property of 2+1 KdV(2n+4) Equations for n=1,2,3
In this section, we check the Painlevé property of the 2 + 1 KdV(2n + 4) equations for n = 1, 2, 3. We used a Maple package called PDEPtest [19] for this purpose. Here the WTC-Kruskal algorithm is used [20] - [22] . Note that a nonlinear partial differential equation is said to possess the Painlevé property, if all solutions of it can be expressed as Laurent series
with sufficient number of arbitrary functions as the order of the equation,
j (x, t, y) are analytic functions, α i are negative integers.
2 + 1 KdV(6) Equation.
By leading order analysis, we see that 2 + 1 KdV(6) equation admits two branches. The leading exponents for these two branches are −1, and the leading order coefficients are
The corresponding truncated expansions for these two branches are
The resonances of the above branches are 
where v 1 , v 2 , v 5 , v 6 , v 8 are arbitrary functions of the variables y and t and φ(x, t, y) = x − ψ(t, y).
For the second branch, the coefficients of (26) at non-resonances are
where v 1 , v 6 , v 8 , v 10 are arbitrary functions of the variables y and t and φ(x, t, y) = x − ψ(t, y).
2 + 1 KdV(8) Equation.
For the 2 + 1 KdV (8) 
The corresponding truncated expansions for these three branches are
The resonances of the above branches are 10 are arbitrary functions of the variables y and t and φ(x, t, y) = x − ψ(t, y) .
where v 1 , v 2 , v 7 , v 8 , v 10 , v 12 are arbitrary functions of the variables y and t and φ(x, t, y) = x − ψ(t, y).
For the third branch, the coefficients of (26) at non-resonances are φ(x, t, y) = x − ψ(t, y).
2 + 1 KdV(10) Equation.
By leading order analysis, we see that 2 + 1 KdV(10) equation admits four branches. The leading exponents for these four branches are −1, and the leading order coefficients are
The corresponding truncated expansions for these four branches are
The and t and φ(x, t, y) = x − ψ(t, y) .
For the second branch, the coefficients of (26) at non-resonances are and φ(x, t, y) = x − ψ(t, y).
To sum up, the principal branches of 2 + 1 KdV(2n + 4) equations for 
Conclusion
We introduced a new class of nonlinear partial differential equations, 2 + 1 KdV(2n + 4) equations, in 2 + 1 dimensions derived from the KdV equation and its symmetries. We have given 3-soliton solutions of these equations for n = 1, 2, 3. We showed that they also have the Painlevé property for n = 1, 2, 3. We conjecture that these equations have 3-soliton solutions and possess the Painlevé property for all positive integer n.
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